セイスウロン オ モチイタ タジュウ キュウスウ ト タジゲン リサンガタ カクリツ ブンプ ノ カンケイ ニツイテ カクリツロン シンポジウム by 青山, 崇洋 & 中村, 隆
Title整数論を用いた多重級数と多次元離散型確率分布の関係について (確率論シンポジウム)
Author(s)青山, 崇洋; 中村, 隆




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Takahiro Aoyama and Takashi Nakamura
Department of Mathematics, Faculty of Science and Technology,












$\prod_{p}$ Euler Riemann $1<$
$\sigma:=\Re(s)$ Riemann $\zeta(s)$ $s$
$1<\sigma$
1855 2013 209-217 209
Dirichlet Dirichlet $L$ $N$ $\mathbb{Z}/N\mathbb{Z}$
$(\mathbb{Z}/N\mathbb{Z})^{\cross}$ $0$ $\mathbb{C}^{\cross}$ $\chi;(\mathbb{Z}/N\mathbb{Z})^{\cross}arrow$
$\mathbb{C}^{x}$ $mod N$ Dirichlet $\chi(n)$ $n$ $N$
$\chi(nmod N)$ $n$ $N$ $0$ $N$
$\chi_{0}$ $\chi_{0}(n)=1,$ $(n, N)=1,$ $\chi_{0}(n)=0,$ $(n, N)\neq 1$ $N_{1}$ $N$
$N$
$\chi_{1}$ $mod$ $N_{1}$ Dirichlet
$(\mathbb{Z}/N\mathbb{Z})^{\cross}arrow(\mathbb{Z}/N_{1}\mathbb{Z})^{\cross}arrow \mathbb{C}^{\cross}$ $mod N$ Dirichlet
$mod N_{1}$ $\chi$ $\chi_{1}$
$\chi$ Dirichlet
Dirichlet $L$ Euler
$L(s, \chi):=\sum_{n=1}^{\infty}\frac{\chi(n)}{n^{s}}=\prod_{p}(1-\frac{\chi(p)}{p^{s}})^{-1} s=\sigma+it, \sigma>1.$
$N=1$ Riemann Euler Dirichlet $L$




Riemann Dirichlet $L$ Euler
Dedekind
$K$ ( ) Dedekind
Euler








$\zeta K$ (s) $=\zeta(s)L(\chi_{D}, s)$ ( $K=\mathbb{Q}(i)$ \S 3.3 ). $K$








$\zeta(s, 1/2)=(2^{s}-1)\zeta(s)$ $\zeta(s, 1/2)$ Riemann
Riemann
$\alpha\neq 1,1/2$ $1<\sigma<1+\alpha$ Hurwitz
$\zeta(s, \alpha)$ $\alpha\neq 1/2,1$
Davenport Heilbronn, $\alpha$ Cassels
([8] ). Hurwitz
Hurwitz Bernoulli $B_{m}(x)$
$B_{m}(x)=-m\zeta(1-m, x),$ $m\in \mathbb{N},$ $0<x\leq 1$
$\Gamma(x)$ $(\partial/\partial s)\zeta(O, x)=\log(\Gamma(x)/\sqrt{2\pi}),$ $0<x$ Lerch
$q,$ $r$ $(q, r)=1,$ $q\geq 3,$ $\chi$ $mod q$ Dirichlet $\varphi$
Euler Hurwitz $\zeta(s, r/q)$ Dirichlet $L$ $L(s, \chi)$
$L(s, \chi)=\sum_{r=1}^{q}\sum_{n=0}^{\infty}\frac{\chi(r+nq)}{(r+nq)^{s}}=\sum_{r=1}^{q}\chi(r)\sum_{n=0}^{\infty}\frac{1}{(r+nq)^{s}}=q^{-s}\sum_{r=1}^{q}\chi(r)\zeta(s, r/q)$ ,
$\zeta(s, r/q)=\sum_{n=0}^{\infty}\frac{1}{(n+r/q)^{s}}=\sum_{n=0}^{\infty}\frac{q^{s}}{(r+qn)^{s}}=\frac{q^{s}}{\varphi(q)}\sum_{\chi mod q}\overline{\chi(r)}L(s, \chi)$.
Barnes




$\zeta_{B,r}(s;\alpha, (\omega_{1}, \ldots, \omega_{r}))=\sum_{n_{1},\ldots,n_{r}=0}^{\infty}\frac{1}{(\alpha+\omega_{1}n_{1}+\cdots+\omega_{r}n_{r})^{s}},$ $\Re(s)>r$ . (1.2)
$r=\omega_{1}=1$ Hurwitz Barnes










Riemann Khinchine [6] Gne-
denko and Kolmogorov [4]
2.2. $\mathbb{R}$ Riemann L\’evy $N_{\sigma}$
$N_{\sigma}(dx)= \sum_{p}\sum_{r=1}^{\infty}\frac{1}{r}p^{-r\sigma}\delta_{r\logp}(dx)$. (2.1)
Lin and Hu [7] Riemann Dirichlet $D(s)$ $:= \sum_{n=1}^{\infty}c(n)n^{-s},$
$c(n)$ $0$ $\backslash$ , $c(n)$
$m,$ $n\in \mathbb{N}$ $c(mn)=c(m)c(n)$ $g$ $(t)$ $:=D(\sigma+it)/D(\sigma)$
L\’evy
3
Gnedenko and Kolmogorov [4], Lin and Hu [7] 1
Dedekind
(1.1) Euler ( )
$\mathbb{R}^{d}$
“Multidimensional zeta distributions and infinite
divisibility”
3.1 Euler
3.1. $d,$ $m\in \mathbb{N},$ $sarrow\in \mathbb{C}^{d},$ $-1\leq\alpha_{lp}\leq 1,\vec{a}\iota\in \mathbb{R}^{d},$ $1\leq l\leq m$ Euler
$Z_{E}(\vec{s})$
$Z_{E}( \vec{s})=\prod_{p}\prod_{l=1}^{m}(1-\alpha\iota_{p}p^{-\langle\vec{a}_{l},s\gamma})^{-1} \min_{1\leq l\leq m}\Re\langle\vec{a}_{l}, s\gamma>1$. (3.1)
$\min_{1\leq l\leq m}\Re\langle\vec{a}_{l},$ $s\gamma>1$ $\sum_{p}p^{-\sigma}<$
$\sum_{n=1}^{\infty}n^{-\sigma}<\infty,$ $\sigma>1$ $1+ \sum_{p}p^{-\sigma}\leq\prod_{p}(1+p^{-\sigma})\leq\exp(\sum_{p}p^{-\sigma})$
Euler 1 Steuding [11]
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(i) $d=m=1,$ $a=1,$ $\alpha(p)=-1$
$Z_{E}(s_{1})= \prod_{p}\frac{1}{1+p^{-s_{1}}}=\prod_{p}\frac{1-p^{-s_{1}}}{1-p-2s_{1}}=\frac{\zeta(2s_{1})}{\zeta(s_{1})}.$
(ii) $d=m=1,$ $a=2,$ $\alpha(p)=1$ $d=1,$ $m=2,$ $a_{1}=a_{2}=1,$
$\alpha_{1}(p)=-\alpha_{2}(p)=1$
$Z_{E}(s_{1})= \prod_{p}\frac{1}{1-p^{-2s_{1}}}=\zeta(2s_{1})=\prod_{p}\frac{1}{(1-p-s1)(1+p^{-S_{1}})}.$
(iii) $d=m=2,\vec{a}_{1}=(1,0),\vec{a}_{2}=(1,1),$ $\alpha_{l}(p)=1,$ $l=1,2$
$Z_{E}( \vec{s})=\prod_{p}\frac{11}{1-p^{-s_{1}}1-p^{-(s_{1}+s_{2})}}=\zeta(s_{1})\zeta(s_{1}+s_{2})$.
(iv) $d=m=2,\vec{a}_{1}=(1,0),\vec{a}_{2}=(1,2),$ $\alpha_{1}(p)=1,$ $\alpha_{2}(p)=\chi(p)$ , $\chi(p)$
Dirichlet








$\vec{a}_{1},$ $\ldots,\vec{a}_{m}\in \mathbb{R}^{d}$ ( $LR$) $\vec{a}_{1},$ $\ldots,\vec{a}_{m}\in \mathbb{R}^{d}$
$\mathbb{Q}$ $\psi_{l}(1\leq l\leq m)$ $\vec{a}_{l}=\psi_{l}\vec{a}$




$\sum_{k=1}^{n}c_{k}\theta_{k}=0,$ $c_{k}\in \mathbb{Q}$ $c_{1}=\cdots=c_{n}=0$
Euler
3.2 ( $\eta$ $\varphi$ Euler $Z_{E}^{\eta,\varphi}(\overline{s}),$ $[2]$ ) . $d,$ $\varphi,$ $\eta\in \mathbb{N},\vec{s}\in \mathbb{C}^{d}$ $-1\leq$
$\alpha_{lk}(p)\leq 1,\vec{a}_{l}\in \mathbb{R}^{d},$ $1\leq l\leq\varphi,$ $1\leq k\leq\eta$ $d$
$\eta$ $\varphi$ Euler $Z_{E}^{\eta,\varphi}(\vec{\mathcal{S}})$
$Z_{E}^{\eta,\varphi}(s^{arrow}) := \prod_{p}\prod_{l=1}^{\varphi}\prod_{k=1}^{\eta}(1-\alpha_{lk}(p)p^{-\langle\vec{a}_{l},s}\vec{},)^{-1} \min_{1\leq l\leq\varphi}\Re\langle\vec{a}_{l},\overline{s}\rangle>1$ . (3.2)
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3.3 ([2]). (3.2) $\vec{a}_{1},$ $\ldots,\vec{a}_{\varphi}$ $(LI)$ $(LR),$ $\alpha_{lk}(p)=0,$ $\pm 1$
$f_{\vec{\sigma}}$ $1\leq l\leq\varphi$ , $p$
$\sum_{k=1}^{\eta}\alpha_{lk}(p)\geq 0$. $\mathbb{R}^{d}$ L\’evy $N_{\vec{\sigma}}^{\eta,\varphi}$
$N_{\vec{\sigma}}^{\eta,\varphi}(dx)= \sum_{p}\sum_{r=1}^{\infty}\sum_{l=1}^{\varphi}\sum_{k=1}^{\eta}\frac{1}{r}\alpha_{\iota k}(p)^{r}p^{-r\langle\vec{a}\vec{\sigma}\rangle}l,\delta_{\log p^{r}\vec{a}\downarrow}(dx)$ .






































4.1 ( $Z_{S}(s)arrow,$ $[3]$ ) . $d,$ $m,$ $r\in \mathbb{N},\vec{S}\in \mathbb{C}^{d},$ $(n_{1}, \ldots, n_{r})\in \mathbb{Z}_{>0}^{r}$
$\lambda_{lj,j}u>0,\vec{c\iota}\in \mathbb{R}^{d}(1\leq j\leq r, 1\leq l\leq m)$ $\epsilon>0$





$\vec{c_{l}}\in \mathbb{R}^{d}$ $(1, 0, \ldots, 0),$
$\ldots,$
$(0, \ldots, 0,1)$ ,
([10] ). $d=m=r,$ $\lambda_{11}=\cdots=\lambda_{mr}=$
$1,\vec{c}_{1}=(1,0, \ldots, 0),$ $\ldots,\vec{c}_{m}=(0, \ldots, 0,1),$ $\theta(n_{1}, \ldots, n_{m})=1(n_{1}> . . . >n_{r}>0)$





4.2 ([3]). Euler $Z_{E}(\vec{s})$ $\mathcal{Z}_{E}$ , $Z_{S}(sarrow)$ $\mathcal{Z}_{S}$
$\mathcal{Z}_{E}\subset \mathcal{Z}_{S}.$
4.2
4.3 ( [3]). 4.1 $\theta(n_{1}, \ldots, n_{r})$







$f_{\vec{\sigma}}( \vec{t)}=\frac{Z_{S}(\vec{\sigma}+it^{\neg}i}{Z_{S}(\vec{\sigma})}, t\in \mathbb{R}^{d}arrow.$
Euler
$Z_{S}(\vec{\sigma}+i$
4.4 ([3]). $k\in \mathbb{N},$ $X_{\vec{\sigma}}$
$E|X_{\vec{\sigma}}|^{2k}<\infty.$
Remark 4.5. $Z_{S}(\vec{\sigma}+it)\prec$
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